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INTRODUCTION 


In the absence of the external voltage vo -the circuit of 
g- 1.1 is a tuned-plate oscillator. It consists essentially 
a resonant circuit and an electron tube. This electron tube 

a double function. It feeds power into the resonant circuit 
order to compensate for the losses in the passive elements and 
cause of its nonlinearity, it limits the amplitude of oscilla- 
on. The frequency of oscillation in the first approximation 
ea /V LC, 


Fig. |I.1. Tuned-Plate Oscillator with External Sinusoidal 
Synchronizing Voltage 


If the external voltage v, is not zero and if its frequency is 
uried over a wide range, then the frequency w of the free oscil- 
ation does not remain constant but behaves as indicated in Iig. 
-2. If the frequency w, of the external voltage is varied and 
2comes approximately equal to (p/q9)®,, where p and q are "small" 
itegers, then the frequency of oscillation suddenly changes from 
, to (q/p)~,. This phenomenon is called locking, synchroniza- 
ion, or entrainment of frequency. The external voltage will 
ynchronize the free oscillation over a frequency range Aw 
fig. 1.2). The expression (Aa/w), = Aw/w, is defined as the 
yandwidth of synchronization." 

For synchronization the relationship between w and a, 1s 


pw= qu, (Lot) 


‘or particular values of p and q the term "p:q synchronization" 
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Fig. 1.2. Entrainment of Frequency 


is used (for example; 1:3 synchronization). A distinction is 
made between 1:1 or "ordinary" synchronization and p:q (p7q) or 
"subharmonic" synchronization. 


It is shown later that synchronization becomes very weak as 
the sum (p+q) increases. Any small fluctuation in the circuit 
then puts the system out of synchronism. If (p+q) is sufficient- 
ly large, then synchronization can be neglected altogether. / 
considerable number of papers have been written on synchroniza- 


. = * . . 
tion, ©3714) Unfortunately, most do not yield comprehensive re- 


sults. Jt is hoped that this bulletin may fill some gaps. 


*Parenthesized, superscript numerals refer to correspondingly numbered entries i 
the Selected Bibliography. 


jl. OUTLINE OF THE METHOD 


» Definitions of Terms 


The circuit of Fig. 1.1 shows only one of the many ways by 
hich an oscillator can be synchronized. Instead of being lim- 
ted to this special case, it is desirable that the results of 
his discussion be applicable to a great number of oscillators. 
the circuit to be discussed must therefore be rather general. 
wo such general oscillators are shown in [‘ig. 2.1. They consist 


(a) (6) 


Fig. 2.1. General Oscillatory Circuits 


»9f a resonant circuit, a synchronizing voltage v, and a "non- 
linear" element. This nonlinear element has much the same func- 
sion as the electron tube in Fig. 1.1; it supplies power to the 
,assive elements of the circuit and limits the amplitude of 
»scillation. The discussion is limited to nonlinear elements 
vith a current-voltage relationship that can be expressed by the 
rapidly converging power series 


1 = av + Bu? + yv3 4 Sv* (2h) 


In this bulletin it is always assumed that the synchronizing 
yoltage v, is sinusoidal. It may be applied to the oscillator 
in two essentially different ways. In Fig. 2.la, v, 1s inserted 
in the resonant circuit; in Fig. 2.lb, it is placed in series 
vith the nonlinear element. The first case is called "internal," 
she second "external" synchronization. 

Vor 1:1 synchronization, internal and external synchronization 
ire discussed separately since one case cannot be easily reduced 
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to the other. [For subharmonic synchronization, however, the dis- 
cussion is limited to external synchronization. As was pointed 
out to the author by Dr. Giuseppe Francini, the result can then 
be applied easily to internal synchronization as follows: The 
diflerential equation corresponding to the circuit of. Fig. 3Ze ere 


Se 
cx + Gv + (av 2Be? + Yow ee) eo eee 
1 
= [lv ,at C2.) 


and to that of Fig. 2.1lb is 
d 5 (Fe 
cr + Gv + (av + Bu? + yo3 + oe) +ZJu dt 
dv fe 
= ere eeGue +jv,dt C2.) 


It is assumed that G/aC = 1/Q << 1 and that v, is sinusoidal with 
amplitudes V,, (Fig. 2.la) and V,, (Fig. 2, 1b). Then Eqs. 2,2 
and 2,3 are identical if 


2 


@ 
s 


Vew= (h-—-) Vs td - pag (2.4) 


(79) 


The results obtained in Chapter V for subharmonic external syn- 
chronization therefore hold for internal synchronization also if 


V. is replaced by (1-p2/q?)V,. 


$ 


2. The Linearization of the Oscillator 


All oscillators contain nonlinear elements. These nonline- 
arities make the mathematical treatment difficult, since they do 
not allow solutions in closed form. It is therefore necessary to 
use approximation methods. The amount of calculation becomes 
prohibitive for higher approximations; it is therefore essential 
that the first approximation be very good. Such a reasonably 
accurate first approximation can be found if physical consider- 
ations (high Q) indicate that the oscillations are "almost! 
sinusoidal." 


Kor example, for small v, the voltage v in Fig. 2.la is almost 
sinusoidal and is given by 


v = V cos(wt + ¢) 
The voltage v, in Fig. 2,.1b is 
v, vy V cos(wt + ¢) (25) 


If the oscillator is synchronized, then w = (q/p)w,, ands the 
current t passing through the nonlinear element will contain more 
higher harmonics than the voltage across it. The current can be 
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Bcalculated from Eqs. 2,1 and 2.5. It has the general form 
t = I, cos(wt+p) + I, sin(wt+p) 
+ components at frequencies other than w (256) 


This current, passing through the resonant circuit, influences 
the oscillation somewhat. The components at frequencies other 
than w cause forced oscillations at these frequencies. The 
amplitudes of these forced oscillations are necessarily small if 
the Q of the resonant circuit is high, and they can therefore be 
neglected. As is shown later, the components at the frequency w 
twill, however, cause a small change in amplitude V and phase ¢ 
of the oscillation. 

If all components of the current except those at frequency w 
are neglected, then the circuits of Fig. 2.1 can be replaced by 
those of Fig. 2.2 where 


sy att eeR les 2 
De, ee a (Cara) 


The circuits of Fig. 2,2 are linear and can be discussed by 
the methods of linear circuit analysis. The "equivalent" conduc- 
tance G, and capacitance C; “are functions of V and ¢. 


In Section 4 it is shown that for 1:1 synchronization [ig. 
2.2a can be reduced to Fig. 2.2b so that it is sufficient to 
discuss the latter circuit only. 


3. Equilibrium and Stability 


The frequency of oscillation of the circuit of Fig. 2,2b is 
pee es C, 
Sieeevetcs0), “aieo\) 190! (2.8) 


where a= 1/VL€. It is assumed that 


v =V cos(4w, t+d) 
Should @, differ from (q/p)w,, the phase angle will change slowly 


q dp 
wy > Ys or ood 
or 


5 Fes Fe an ihc (2.8) 


where Aw = w, - (q/p)o,. 

Similarly for V the energy stored in the resonant circuit, 
CV2/2, will change slowly since part of it is dissipated in the 
conductances G, and G; that is, 
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(6) 


Fig. 2.2. Equivalent Linearized Oscillatory Circuits 


NTS Gre ge a grr 
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For steady-state oscillations, both V and ¢ must remain constant. 
Therefore 


hee (2.11) 
che Teele 


A steady-state oscillation is stable if the oscillator will 
resume its original amplitude and phase after asmal] disturbance. 
In order to discuss the behavior of the system in the neighbor- 
hood of the steady-state oscillations, it is necessary to expand 
Eqs. 2.9 and 2,10 around the amplitude V, and the phase ¢, 
corresponding to steady-state oscillations. Defining 


OV =* Vawe V: 
o 
Sp = P- o, 
the first terms of the expansion are 
d(5V) Li Chey 3G, t 
dt) =) 9G 05rs ane 


ey w e 
dt “~- o¢ by 8V +357 5¢) 


It is assumed that 5V and 8 are small and that therefore the 
higher terms of this expansion may be neglected. 

Equation 2,12 is a set of two simultaneous linear differential 
equations. It can be solved by standard methods. The variables 
8V and 5 will approach zero from any initial conditions in the 
neighborhood of the steady-state oscillations if both the roots 
Kk, and Ky of Eq. 2.13 have negative real parts. 
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V OG V OG 
pane EA Re 
2C oV 2C. op 
ac ey = 0 (2.13) 
ee a €+kK 
2C ov 2C dd 
essary and sufficient conditions for this are that 
0G, ond oc, A 
OV ler) 
: (2.14) 
Or oC, G, > 


omeeV. < Oe ok" 


stems satisfying Eqs. 2.11 and Ineqs. 2.14 will produce stable 
eady-state oscillations 


l11. ORDINARY SYNCHRONIZATION 


4, Internal 1:1 Synchronization 


In Fig. 2. la, the voltage V, is inserted in the resong 
circuit in series with the inductance L. If the voltage v, = 
cos w,t synchronizes the oscillation, then the voltage v acr 
the nonlinear element is 


Oey cos(w, t+d) (3. 


In this Chapter the subscript s of w, is dropped, since for ll 
synchronization @ = ,. 

It is assumed that the voltage v and the current 17 passii 
through the nonlinear network are related by 


i = av + But + yo (3. 29] 


where a < 0, y > 0. This is a good approximation for mos 
oscillators. It can then be shown that the equivalent impedan| 
of Fig. 2.2a consists of a conductance G, only (Fig. 3.1) 


Go =204et 3. y2 
a” 


é (3. 3a 
If no synchronizing voltage is present (v, = 0), the condit® 
for steady-state osciliation is 
G+G,=0 
or 3 
Gita +p Vand (3.4) 
The value of V satisfying this equation is 
Wifey ep 2. 
a a 3 Yy 3 (3.58 


The discussion in this section is limited to oscillators fc 
which V,* > 0. 


In Figs 3.1 the current passing through the inductance L is 


1 
i; "or [V sin(wt+d) - V ,sin wt] (3.6) 


The same current would flow through the network consisting of 


G, and C, due to the voltage v = V sin (wt + ¢) alone. The valu 
for G, and C, are 
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G co 3 
= 1 
1 V sin 
Bee Ol Rene ih (oar) 
V 


Therefore in the presence of a synchronizing voltage steady- 
ate oscillations occur if 


G 407 > G, = 0 


(J 


Ab E | } 32/8) 


ere Aw = 1/VLC - w In terms of V and ¢, these equations are 


Cera V $ 
(Gi ei aye + are sin ¢ = 0 
3.9 
Aw V ( ) 


Soe ae 


e conditions for stability are 
\ 


a 3 Le tere va 2 
VIG, +6, ) de, “Eee - 2wC—* sin > 
3 2 2 
md = es } >*0 
(3.10) 
oor Te. 3, 3 


= Cee eae P + wl 73 


fter rearranging the terms, the conditions for stability are 


2 2 
Va > V, 


(sald) 


| . . 
Fig. 3.1. Equivalent Linearized Circuit for Internal 1:1 Synchronization 
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This last condition is satisfied automatically for sin ¢ < 0. |] 
sin ¢ >.0, it can be simplified to 


ane 
in? os (eee | (3.12 
sin : 
ar ane ) 
The equations for stability and equilibrium can be simplif 
somewhat through the introduction of dimensionless parameters 


V V Gta 
Dre yO Ee , 
y tena wr (3.13) 
oO oO 
2.0 7 
Kes 
Mi 
S10 LLLEX, 
Os, 
[22777 - Regions of 
Stability 
0 77 
i Z ca fr én ; 


pe 


Filges 3. 2< Regions of Stability and Variation of 


X as a Function 
of pb for p = |, q = | 


Making these substitutions they become, for equilibrium 
’ 


Pix 
At tted) 9. oe: . 
( ) 5 y Sin d= 0 


See Oo ered . 


and for stability 
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Pits 
2 
and either 
sing < 0 
or if sin @ > 0 
sin*¢ < bod ea - 1) 
2 x2 


The phase angle ¢ may be eliminated from these equations so 
that those for equilibrium reduce to 


Ie l 
[42x x2-1)? + x2(—>)7] = 4X,? oie 


and those for stability to 


Aw 
(=)? + (x? - 1)(3x2 - 1) > 0 (3217) 


2.0 


hee 


Region of 
Stability 


OS 


Sofa, SOs 0 OS 10 
4@ 


. Aad 
Fig. 3.3. Region of Stability and Variation of X as a Function of 
NuvAu for p=, q = | 
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The regions of stability may be represented in a plane with X 
as the ordinate and either ¢ or q,, as the abscissa. (Figs. 3.2 


and 3,3). These figures also indicate the variation of X with 7 


and ¢, respectively. As stated before, these figures have been 
discussed extensively in the literature. 


5. External 1:1 Synchronization 


In Fig. 2.1b, it can be assumed that the voltage v across the 
resonant circuit is approximately sinusoidal; that 1s 


v, ¥ V cos(wt +d) (3-18) 


If the oscillator is synchronized by the external voltage, the 
frequency of oscillation is #, and as in Section 4 the subscript 
of w, 1s dropped. 

The voltage across the nonlinear element is 


v V cos(wt+p) + V, cos wt 


= (V + V, cos ¢) cos(wt+p) + V, sin > sin(wt+d) (3.19) 


It 1s again assumed that the current i and the voltage v are 
related by 


i = av + Bu? + yv3 (352) 


where a < 0, y > 0. Using Eqs. 3.19 and 3.2, the current i can 
be expressed as a function of time 


i = I, cos(wt+d) + I, sin(wt+d) 


+ components at frequency 3w (3. 20) 


The circuit of Fig. 2.1b can then be replaced by that of Fig. 
2.2b where 
Ty I, 


G 7 e_ = ——— 
Gee cs a (23) 


The values of G, and C, are 


Vv 3 
Gaus any cos >) [a +y(ve + 2VV. cosmpas wey, 
‘ (3.21) 
Cnve, =F 8) ice 2 
A sin d [a heer! + 2VV. cos p + ve )) 
If Vv, << V, these equations can be simplified considerably to 


e 


G.=a54 y2 
4 si 


‘ila 3 , (33229 
C,* eee p (a pre) = aay sin G, 
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As before the conditions for steady-state oscillations are 


Gt G6. 3<0 

Aw. C, (3)23)) 
aad © = 0 

on = = 2G 


2g LS (3,24) 
: Gen ov 210 eG, =.0 
The conditions for stability are 
0G, ec, 
poy. * 35 7 0 


Ber Aes 00-30. (3.25) 
Vg ~ ap ov 7 9 
; 0G : 
ince ae = 0, these inequalities are satisfied if 
3G, aC, 
Sia 6; oa 0 (3.26) 
me if 
Vera )ie cos P > 0 C3520) 


he permissible variation in ¢ is, therefore, 
Le a ee 
ee 


The variation in frequency corresponding to this is 


ra WG aoe 
i) et ete (3, 28) 
() 


here Q = aC€/G is the quality factor of the resonant circuit. 

hus the maximum variation in frequency is proportional to the 

atio of amplitudes of the external synchronizing voltage to the 

nternal voltage. Consequently if the external voltage increases, 
he bandwidth of synchronization increases likewise. In addition 
he maximum frequency variation is inversely proportional to the 

of the circuit. Therefore for small Q, the frequency can be 

ntrained over a large band; but for high Q, the bandwidth of 

ynchronization is relatively small. ) 


IV. SUBHARMONIC SYNCHRONIZATION 


For external subharmonic synchronization the voltage v, acros 
the resonant circuit of Fig. 2.1 is again assumed to be approxili 
mately sinusoidal 


v1 = V cos(wt+d) (3.17)) 


where & is approximately 1/VLC. For synchronization, and thi 
frequency », of the external voltage v, are related by Eq. 1.1! 
The voltage ‘across the nonlinear network is then 


v = V cos(wt+d) + V, cos a,t (4.1) 


It is assumed that this voltage and the current 2 passing 
through the nonlinear network are related by a rapidly convergent 
power series 


1 = av + Bv2 + yw? + Sv4 +... (2.1) 


If this expression is combined with Eq. 4.1, then the current 
can be expressed as a function time 


res, cos(wt+p) + I, sin(wt +f) 
+ components at frequencies other than w (2.6) 


The circuit of Fig. 2,.lb can then be replaced by that @ 
Fig. 2.2b where again 


I 
ce ee (9.73 


Methods for calculating G, and C, have already been discussed in 
University of Utes Engineering Experiment Station Bulletin 


395, Chapter II. 


6. Oscillations in the Absence of Synchronism 

For some frequencies the external voltage will not synchronize 
the oscillator. No relation pw = qw, will then be preserved ovet 
any appreciable length of time and it can be assumed that w/w, is 
irrational. The equivalent impedances for w/w. irrational have 
been calculated in Bulletin 395, Chapter 115) ° They are 


, 
{ 


eC 
Geet 4 v(V*42V_) +5 


oom (4.2) | 


é 
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The prime indicates that no synchronism is present. To faci- 
litate further calculations, it is assumed that neglecting all 
terms of G, other than the first two will not lead to appreciable 
errors. This is true for most oscillators. 

Steady-state oscillations are possible if a < 0, y > 0 and 


G+Gi=0 (4.3) 
or 3 
Gite (V+ QV) = 0 (4.4) 
The value of V that satisfies this equation is 
4 Gta 
Vo? = SoS. oie (4,5) 


So has a physical significance only if it is positive, otherwise 
it 1S just a parameter satisfying Eq. 4.5. If Ve > 0, then the 
oscillations of the system are called "free" oscillations; if 
V.2 <0, "forced" oscillations. 
It is desirable that Eq. 2.1 be changed to a form correspond- 

ing to Eq. 11.1 of Bulletin 395, (15) 

0 
Lied ie: ay x (4.6) 

1 


where the a, and x are dimensionless. This can be done by 
defining 
v a B y 


x= AM (0 wee asm = 5 shoes 
eee PEN IWS gee IY |e Sr geay 


Similarly, dimensionless variables corresponding to V and v, 
are defined as 


V V V if 
= — =. , X =-=_—-, G ae 2 (4.8) 
Rene se te Py VI 


for free oscillations en = 1; for forced oscillations X,” = cad be 
An expression that will be helpful in the next section is 


X 


G4Gi-+Gta + 3(V242V, 2) (4.9) 
Combining this with Eq. 4.5 and making the substitutions of 
Eq. 4.8 

G+G! sore 6, (2 eee (4.10) 


7. Synchronized Oscillations 


Locking phenomena occur if the two frequencies w and w, are 
related by an equation 
pw = qw eis) 
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where p and q are small integers. The special case p = 4 1s not 
considered in this chapter. 

Some of the combination frequencies (nwtmw,) are now identical 
with w; as a consequence I, and I, and therefore G, and C, may 
contain additional terms. In fact these terms are necessary for 
the mechanism of synchronization. A double-prime is used to in- 
dicate such additional terms. For synchronization the equivalent 
impedances are 


Gus. 7 Gat Soy sh 8S be Co eae (4.11) 
It is assumed that the series Zax converges rapidly. It is 
1 


then sufficient to consider only the first term that contributes 
to G” and C”. As shown in Bulletin 395, Eq. 10.19,15) this term 


is 

Ia) x" d= ptq-l (4,12) 
and the corresponding G? and C’ are (Bulletin 395, Eqs. 11.4 and 
WED, 
AG aEN a raph eis 
ga-1 (g) XP“ X," cos ph 


" 
G. 


a,G, x Ca 13) 


(hae -2 . 
Cc" = gar 1,6 @) XP 1: sin pp 
These can be simplified by introducing a coefficient 


x. 


IN 
7 = gant (q) 


Gy and Cr are then 


Gi = 7G, XP-?x 4 cos po 


(4.14) 


rg G, poe q . 
: see 2 X,4% sin pd 


Some values for 7 are presented in Table I. Equations 4.14 
correspond to a first-order approximation. As stated above, none 


In ; 
of the terms I,a)x* where \ = (p+q-1) will contribute to G" and 


Ci. This does not hold if approximations higher than the first 
are considered. 


ee example, for 5w = w, (p = 5, q = 1) the contribution of 
. a“ u 4 
I,a,x° towards G? and C’ is for a second-order approximation 


. ee 
G. = Tog 23 me Xs cos 5h 


reer es (4.15 
Cee men a,” : Zo) sin 5? 


w2C 
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TABLE | 
Values of 7 


1/2 ag 1/4 a3 1/8 ay 1/16 as, 


2 a9 as 1/2 a4 aoe 3/16 a6 
3 eo 83/45, Sug Hh RP aR Ste 
4 1/2 a4 ee 5/8 ag as 7/16 ag 
5 5/16 as '15/32 ag 35/64 ay 35/64 ag 


The contribution due to a first-order approximation would be zero 
since \ = 3 is smaller than (p+q-l1) = 5. In most cases the terms 
of Eq. 4.15 are small compared with those corresponding to Tadens 
and a first-order approximation, particularly if the circuit 
has a large Q (G/wC small). They can therefore be neglected. 

As a result of Eqs. 4.14 the total equivalent impedances are 
then 


3 =95 
Poeecueat G = G. [a, Papay (Ah INee) + XP ehenk cos pd 


eo 
G (4.16) 
Coes C = - 7-2 XP~? X 4 sin pd 
@ 


e (4 


As shown in Chapter II, steady-state oscillations can occur if 


CRG = 0 
bai» C, ey (COD) 
BA BoC 

where 
Aw = hE 19 
Tart aiiG ps. 


In terms of X and ¢, these equations are 


: 4. é 
a x,” ia 2 Mae cos pd = 0 (hs tee) 
Be, at, XPT2X, 1 sin pd = 0 (4.18) 
w 2uC 


If the phase angle is eliminated, then these two equations 


combine into 
2 Ao wl a 2 
Iz a,(X?-X,7)] + eel = [mxP-2x,7] (4.19) 


Equations 4,18 and 4.19 permit a representation of X as a func- 
tion of either pd or Aw/w. For the purpose of this bulletin, 
pf is the more adequate independent variable. 
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The conditions: for stable steady-state oscillations are 


PARLE ie UG) 
(4.20) 
3c, 0G, oc, 0G, 


ae of PES Se! 85> a) 
ESE MEER 


The first of these two inequalities is, in terms of X and 9, 


3 
xoGe + W Ce 
OX op 
3 E & 
= G, asx? + 7(p-2)X?P Phe cos pp - npX?P 2x 4 cos pd] 
= G FeagX2 - 2nXP-2X.4 $] 
o°9 3 Ui tela Coke ‘ 
ES eR Coo tees ur 
= G, 9°73 rye hie )] 0 (4.21) 


Since a, > 0, this inequality is satisfied if 


y2>o ty? (4,22) 
2 oO 
For forced oscillations OG = -l1), Ineq. 4.22 is satisfied 
automatically. 
The second part of Ineq. 4.20 is 
20, My , 20, 2, , 
ap OX ox ad 


Go 3 
=- Pr {[mpxP-?x 4 cos pd] a3? + nl p-2)XP~2x 9 cos pd] 


+ [mpxP- 2x 4 sin pd] [n(p-2)xXP~ 2x 9 sin pd] } 


=- oo 8 ayn cos pp - 77(p-2)XP~4X_.4] > 0 (4. 23) 
This inequality is satisfied if 
n cos pd < -< Us. XPS Eee (4. 24) 
_ For Ineq. 4,24 three different cases of subharmonic synchron- 
ization have to be distinguished: p = 1, p = 2 and p > 2, 
Qtncp. ee) 


If p = 1, then the right-hand side of Ineq. 4.24 is positive. 
The range of the phase angle ¢ for which the oscillation is 
stable is therefore larger than 7. For positive 7 it extends 
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proximately from 7/2 to 37/2 and for negative 7 from -7/2 to 
m (Fig. 4.1). Equation atl shows that for es = -] (forced 
cillation) the possible variation of ® for which X is real is 
Mnaller than 7. Inequality 4.24 is therefore automatically 
fatisfied. For Te? = 1 (free oscillations), ¢ may however vary 
er a much wider range than 7 as indicated in Fig. 4.1, and 
ferefore Ineq. 4.24 must be considered. The critical regions 
wre shaded in Fig. 4.1. In these regions 7 cos ¢ is positive. 
ing Eq. 4.17, Ineq. 4.24 can be simplified to: 


il 2 
cos* @ <—(-2 ~-.1) (4.25) 


jig. 4.2 shows the region of possible steady-state oscillations 
flefined by Ineqs. 4,22 and 4.25 for 7 > 0. The regions for 7 < 0 
n easily be obtained by a phase shift of 180°. 


For p = 2, Ineq. 4.24 reduces to 
7 cos 26 < 0 (4. 26) 


me total variation of (2) is therefore 7 for eae = ] and 
maller for 1 Bas = -] (Fig. 4.1). 


ian = 


If p > 2, then the right-hand side of Ineq. 4.24 1s negative. 
erefore the variation of the phase angle for which the oscilla- 
ions are stable is smaller than 7 (Fig. 4.1). Using Fq. 4.17, 
[neq. 4.24 transforms to 
x 2 

oO 


oe (4,27) 


-2 
cos” pp se C= 


Fig. 4¥.l. Range of pd for Stable Synchronous Oscillations (X,? = 1) 
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Equation 4,17 shows that for this variation and for y =a 
X > 1 and therefore Ineq. 4.22 need not be considered. Th 
region of possible steady-state oscillations is indicated il 
Fig. 4.3 for p = 3. 

For X, ie ad ek 4.27 can be satisfied for p = 3 onli 
GFige -4, 3b). For p 2 4, Ineq. 4.27 cannot possibly be satisfied 
Therefore, for a iter order SPP te sreawaey no forced subharmonii 
oscillations are possible for p = 4. This, of course, would not 
true if more than the first two terms of Eq. 4.2 were considered., 


8. Particular Examples of Subharmonic Synchronization 


The discussion in this section deals with three examples oj 
subharmonic synchronization: 


: a Oh 
For this example 7 from Table I is Ga3. Eq. 4,17 is then 


The regions for stability for xee = ] are indicated in Fig. 4.2a, 
For xi = -l, all steady-state oscillations are stable as shown 


in Fig. 4.2b. Fig. 4.2 also shows the variation of X with pd fap 
X, = constant. The variations of the phase angle are 


-1/2 < Ab < 1/2 (oe eG 
0<dMd<a7 (X,2 = -1) : 
Da 2 = ofp = 2, gi 4) 


From Table I 7 is a, and Eq. 4,17 is 


ae 
Le] 
W 
be 
nN 
ww | 


a» ; 
—=X cos 29 ; 
a $ 

3 } 


As shown in Fig. 4.1, the range of 26 is 7 for X, 221. Fos 


Xx? = -l, all steady-state oscillations are stable. 


For this case 7 ista,, Eq. 4.17 is then 


boy 2 
a aX X X, cos 3¢ 


° 


For X33 = 1 the region of stability is shown in the shaded area 
of Fig. 43a; for X,* = -1, in Fig, 4)3b. The varsatveneotee 
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ith p¢ is also shown in Fig. 4.3. As can be seen from these 
gures, the total change in phase is 


n/2-< M3d < 7 (Neer 1) 
0 < A3¢< 77/2 (Xtra 1) 


9. The Bandwidth of Synchronization 


So far in this bulletin the limits of stable synchronization 
ave been expressed in terms of phase. [For practical purposes it 
is, however, more important to know the maximum permissible de- 
Viation infrequency, or the bandwidth of synchronization (Aw/w).. 
It is of course possible to find precise expressions, but in most 
cases an approximate value is satisfactory. Such an approximate 
value can be found if it is assumed that X = 1 and that the phase 
angle varies by an amount 7 either from -7/2 to 7/2 or from 
m/2 to 37/2. The bandwidth of synchronization is then (from 
Eq. 4.14) 


SG ae (4, 28) 


This equation shows that the bandwidth of synchronization be- 
comes rapidly smaller as A = p+q-l increases. 


V. EXPERIMENTAL VERIFICATION 


In the discussion of the theory some questionable approxima- 
tions have been made. It was therefore necessary to investigate 
how well the theoretical results are confirmed by the experiment. 
The circuit used in the experiment is shown in Fig. 5.1. 

In this circuit, designed by Dr. Giuseppe Francini, a con- 
ventional transitron circuit served as the nonlinear element. 
The operating point of the tube was adjusted by the potentio- 
meters R, and Ry and slight changes in the current-voltage 
characteristic were made by changing tubes. The synchronizing 
voltage was supplied by a Hewlett-Packard oscillator. The ex- 
perimental results were obtained using resonant circuits tuned 
to a frequency of 6 ke and having a Q of about 35. 

Synchronization was observed with the aid of Lissajou figures 
on the screen of an oscilloscope. The voltages V and V, were 
measured directly across the oscillatory circuit and R,. 

It was to be expected that the critical part of the theory 
was that dealing with stability rather than equilibrium. The 
conditions of stability for cases (3w = w,) and (w = 3w,) were 
checked in this experiment. The results of the experiment are 
shown in Figs. 5.2 and 5.3. It can be seen from these results 
that the correspondence between theory and experiment is reason- 
ably good. 

Equation 3.28 was also verified by experiment. Good corres- 
pondence was obtained for ratios of V,/V as high as 0.15. The 
experimental results for V,/V = 0.1 are shown in Fig. 5.4. Gen- 
erally, the maximum variation of the phase angle was somewhat 


larger than 7; therefore, the measured values of (Aw/w), are 
somewhat too large. 


28 
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Fig. 5.1. Circuit Used for Experimental Verification of the 
Theoretical Results 
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Fig. 5.2. Region of Stability for p=l, q = 3 (4,2 = 1) 
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Fig. 5.4. Bandwidth of Synchronization, (Auyw) 9 as a Function of 
Q, G/oC, for External 1:1! Synchronization 
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